Abstract. For a (molecular) graph G with vertex set V (G) and edge set E(G), the first and second Zagreb indices of G are defined as
INTRODUCTION
We only consider finite, undirected and simple graphs throughout this paper. Let G be a graph with vertex set V (G) and edge set E(G). The degree of v ∈ V (G), denoted by d G (v) , is the number of vertices in G adjacent to v. For a subset W of V (G), let G−W be the subgraph of G obtained by deleting the vertices of W and the edges incident with them. Similarly, for a subset E of E(G), we denote by G − E the subgraph of G obtained by deleting the edges of E . If W = {v} and E = {xy}, the subgraphs G − W and G − E will be written as G − v and G − xy for short, respectively. For any two nonadjacent vertices x and y of graph G, let G + xy be the graph obtained from G by adding an edge xy. Other undefined notations and terminology from graph theory can be found in [4] .
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A graphical invariant is a number related to a graph which is a structural invariant, in other words, it is a fixed number under graph automorphisms. In chemical graph theory, these invariants are also known as the topological indices. Two of the oldest graph invariants are the well-known Zagreb indices, first introduced in [14] , where Gutman and Trinajstić examined the dependence of total π-electron energy on molecular structure, elaborated in [15] . For a (molecular) graph G, the first Zagreb index M 1 (G) and the second Zagreb index M 2 (G) are, respectively, defined as follows:
These two classical topological indices (M 1 and M 2 ) reflect the extent of branching of the molecular carbon-atom skeleton [3, 21] . The first Zagreb index M 1 was also termed as the "Gutman index" by some scholars (see [21] ). The main properties of M 1 and M 2 were summarized in [6, 7, 11, [17] [18] [19] . In particular, Deng [7] gave a unified approach to determine extremal values of Zagreb indices for trees, unicyclic graphs and bicyclic graphs, respectively. Other recent results on ordinary Zagreb indices can be found in [18, 24] and the references cited therein.
Alternatively the first Zagreb index can be rewritten as
Note that contribution of nonadjacent vertex pairs should be taken into account when computing the weighted Wiener polynomials of certain composite graphs (see [8] ). Recently, Ashrafi, Došlić and Hamzeh [1, 2] have defined, respectively, the first Zagreb coindex and the second Zagreb coindex as follows:
Nowadays several multiplicative versions of Zagreb indices are introduced ( [9, 20, 22] ) and extensively studied ( [10, 26, 27] ). In particular, Gutman [10] have determined the extremal tree with respect to multiplicative Zagreb indices, one of the present authors and Hua [27] have provided a unified approach to extremal trees, unicyclic and bicyclic graphs with respect to these multiplicative Zagreb indices. The two present authors [26] have characterized completely extremal trees, unicyclic and bicyclic graphs with respect to this multiplicative sum Zagreb index. Naturally in the following, as the multiplicative versions of Zagreb coindices, we can define the (first and second) multiplicative Zagreb coindices as follows:
Let T (n) be the set of trees of order n. The paper is organized as follows. In Section 2, we list or prove some lemmas about multiplicative Zagreb coindices of graphs. In Section 3, we have determined the extremal graphs from T (n) with respect to multiplicative Zagreb coindices ( 1 and 2 ). In Section 4, some upper or lower bounds are presented on these two multiplicative Zagreb coindices. And in Section 5, some interesting but open problems are proposed on these two multiplicative Zagreb coindices.
PRELIMINARIES
In this section we will list or prove some lemmas as preliminaries, which play an important role in the subsequent proofs.
Proof. By definition, we find that, for each vertex
. Thus this theorem follows immediately.
Note that the first and second multiplicative Zagreb indices ( [9, 20, 22] ) are defined
From Lemmas 2.1 and 2.2 and the definitions of first and second multiplicative Zagreb indices, the following theorem can be easily obtained.
Lemma 2.4 ([1]). Let G be a connected graph of order n and with m edges. Then
Now we define a new graph invariant which is called the total multiplicative sum Zagreb index as follows:
Note that the multiplicative sum Zagreb index ( [9, 26] ) is defined as *
. From these two definitions ( * 1 (G) and T (G)), the following lemma is obvious.
Now we consider two graph transformations which increase or decrease the total multiplicative sum Zagreb index of graphs. Transformation A. Suppose that G is a nontrivial connected graph and v is a given vertex in G. Let G 1 be a graph obtained from G by attaching at v two paths P : vu 1 u 2 . . . u k of length k and Q : vw 1 w 2 . . . w l of length l. We further let G 2 = G 1 − vw 1 + u k w 1 . The above referred graphs have been illustrated in Fig. 1 . Lemma 2.6. Let G 1 and G 2 be two graphs as shown in Fig. 1 . Then
Note that only the degrees of vertices v and u k are changed during the process of Transformation A. Considering the definition of the total multiplicative sum Zagreb index and the fact that x > 0, we have
It implies that
, completing the proof of this lemma. Fig. 2 . 
Similarly to the proof of Lemma 2.6, we have
finishing the proof of the lemma.
Remark 2.9. Repeating Transformation B, any tree T of size t attached to a graph G can be changed into a star S t+1 . And the total multiplicative sum Zagreb index T decreases by Lemma 2.8.
EXTREMAL GRAPHS IN T (N ) W.R.T. MULTIPLICATIVE ZAGREB COINDICES
In this section we consider the extremal graphs from T (n) with respect to multiplicative Zagreb coindices 1 and 2 , respectively. The corresponding extremal graphs are completely characterized. First we consider the extremal graph from T (n) with respect to first multiplicative Zagreb coindex 1 . Before doing it, as a necessary tool, the extremal graph from T (n) is characterized in the following theorem with respect to the total multiplicative sum Zagreb index
Proof. For any graph G ∈ T (n) \ {P n }, we can apply Transformation A to G repeatedly until it is changed into path P n . By Lemma 2.6 and Remark 2.1, we have
From Lemma 2.8 and Remark 2.9, by a similar reasoning as above, we can obtain 26] ). Let G be a graph in T (n) different from S n and P n . Then we have *
Proof. By Lemma 2.5, we have, for a connected graph G,
.
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Thus we have
. From Theorem 3.1 and Lemma 3.2, we find that, for any graph from T (n), the maximal value of T (G) and the minimal value of * 1 (G) are attained at P n simultaneously, and the minimal value of T (G) and the maximal value of * 1 (G) are attained at S n simultaneously. So the result in this theorem follows immediately. Now we consider the extremal graph from T (n) with respect to the second multiplicative Zagreb coindex 2 .
Lemma 3.4 ([10, 27]).
Let T be a tree in T (n) with n ≥ 5 different from S n and P n . Then:
Proof. From Lemma 2.3, for a connected graph G, we have
2 (G) = ( 1 (G)) n−1 2
(G)
Thus we have
(min
From Lemma 3.4, we find that the extremal graph from T (n) with minimal (or maximal) 2 is just the one with maximal (or minimal) 1 . Therefore, this theorem follows immediately.
SOME BOUNDS ON MULTIPLICATIVE ZAGREB COINDICES
In this section we will present some upper and lower bounds on multiplicative Zagreb coindices (Π 1 and Π 2 ) of graphs.
Theorem 4.1. For a connected graph G of order n and with m edges, we have
with equality holding if and only if G is a 2m n -regular graph.
Taking into account that the geometric mean of n positive integers is not greater than the arithmetic mean of them (AM-GM inequality), by the definition of M 1 and Lemma 2.1, we have
with equality holding if and only if
n -regular. This completes the proof of this theorem.
Based on Lemma 2.4, the following corollary can be obtained easily.
Corollary 4.2. For a connected graph G of order n and with m edges, we have
Π 2 (G) ≤ M 1 (G) n(n − 1) − 2m n(n−1)−2m
with equality holding if and only if G is a 2m
n -regular graph. In graph theory, the well-known Moore graph is a r-regular graph with diameter k whose order attains the upper bound
Hoffman and Singleton ( [16] ) proved that every r-regular Moore graph G with diameter 2 must have r ∈ {2, 3, 7, 57}. They pointed out that G ∼ = C 5 if r = 2, G is just a Petersen graph for r = 3; G is called a Hoffman-Singleton graph for r = 7 and when r = 57 we do not know whether such a graph G exists or not.
Lemma 4.3 ([28]). Let G be a connected graph of order n and with m edges and n 2 (v) be the number of vertices at a distance 2 to vertex v ∈ V (G).
( n -regular graph. Proof. In view of AM-GM inequality, we have
with equality holding if and only if G is a triangle-and quadrangle-free
with equality holding if and only if Proof. By Lemma 2.3 and Lemmas 4.3 and 4.5, we have
with equalities holding if and only if G is a Moore graph of diameter 2 or G = C 6 . Thanks to the excellent results by Hoffman and Singleton ( [16] ), this corollary follows immediately.
Theorem 4.7. For a connected graph G of order n and with m edges, we have
with equality holding if and only if G is a (n − 1, a) -biregular, or a 2m n -regular graph. Proof. By definition, we have
On the multiplicative Zagreb coindex of graphs
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The above equality holds if and only if d G (u) = d G (v) for any two nonadjacent vertices u, v ∈ V (G). Now we only need to consider the following two cases:
In this case, the vertices of degree n − 1 are not counted in the product of the first multiplicative Zagreb coindex. So we claim that the vertices adjacent to the vertices of degree n − 1 must have the same degree, which will be denoted by a. So G is a (n − 1, a) 
with equality holding if and only if
By definition and the AM-GM inequality, we have
The above equality holds if and only if for any two nonadjacent vertices v i and v j , d i = d j . By a similar reasoning as that in the proof of Theorem 4.7, we find that G is a (n − 1, a) -biregular, or a 2m n -regular graph, which completes the proof of this theorem.
Based on Lemma 2.4, the following corollary is easily obtained. Proof. Let G be a connected graph with vertex set {v 1 
(1) For the definition of the first multiplicative Zagreb coindex ( 1 ), considering Lemma 2.4, we have For the left part, we can easily obtain 1 (G) 1 (G) ≥ 0 with equality holding if and only if G has at least two vertices of degree n − 1. Thus the proof of (1) is complete.
(2) By Lemma 2.1, we have The above equality holds if and only if there is at least one vertex v i of degree d i = n − 1. This completes the proof of this theorem.
SOME OPEN PROBLEMS
In this section we will propose some interesting but open problems on these two multiplicative Zagreb coindices ( 1 and 2 ). From the definitions of 1 and 2 , obviously, we have 1 (K n ) = 1 (K n ) = 0 =
